Elastomers are characterized by their ability to undergo large elastic deformation. Nevertheless, their behavior exhibits stress softening, hysteresis and cyclic softening. The first phenomenon, known as Mullins effect, is commonly assumed to be either the result of an evolution in the hard and soft domain microstructure whereby the effective volume fraction of the soft domain increases with stretch or the result of irreversible damage in the material or combination of both. Hysteresis and cyclic stress softening are often considered as the result of the effect of stress relaxation. Based on the physical structure of filled elastomers, the present study shows that the Mullins effect, hysteresis and cyclic softening can be modeled by dissipative friction phenomena due to internal sliding of the macromolecular chains and to sliding of the connecting chains on the reinforcing filler particles. This implies that the three effects are in fact related to one single deformation process. The proposed analysis allows to identify the state variables and to build a thermodynamic potential which accounts for the nonlinearity of the material behavior and for a time independent hysteresis. The constitutive model is 3D. Written in a rate form it applies to complex loadings: monotonic, cyclic, random fatigue, etc. Filled elastomers hysteresis loops and cyclic softening are represented with no need to introduce neither damage nor viscosity. The model was implemented in a Finite Element software to simulate a metal/elastomer lap joint. Good agreement with experiment was achieved.
Introduction
The rubber material has a singular mechanical behavior. It is a material which undergoes large strains (a few hundreds of percents) when loaded and exhibits a highly nonlinear behavior characterized by four main phenomena:
at low strains it behaves as an linear elastic material whereas at large strain it exhibits a nonlinear elastic behavior, a rate-dependency, at large strains hysteresis loops appear when unloading, under cyclic loading conditions, filled elastomers present a loss of stiffness leading to cyclic stress softening and stress hysteresis.
The third phenomena is well known as the Mullins effect (Mullins, 1947) . This mechanism of stress softening is characterized by a decrease of the stress on unloading compare to the stress on loading at the same strain. The most important assumption of Mullins model is that the reloading path is the same as the unloading path as long as the maximum strain of the first loading is not reached. Fig. 1 shows the behavior of an idealized material corresponding to Mullins effect only. But actual soft materials have a more complex inelastic behavior. In tests with constant displacement amplitude, the stress drop between successive loading cycles is especially important during the first and second cycles and becomes negligible after about 5-10 cycles. A stationary state with constant stress amplitude and stabilized hysteresis loop is then reached after several cycles (see Fig. 2 ).
The Mullins effect is the most studied phenomenon in filled elastomers. At present, Mullins effect description is based on two main approaches. The first one was initially proposed by Mullins (Mullins and Tobin, 1965; Mullins and Tobin, 1954) ; it is based on a two-phase mechanical model: the material is assumed to contain both soft and hard rubber phases. Under loading, the hard rubber phase is transformed into soft rubber. Payne (1966, 1968) introduced an evolution law for the soft phase volume fraction and accounted for the strain amplification in the soft phase induced by the hard phase considered as rigid. Miehe (1995) and Qi and Boyce (2004) generalized this approach and implemented strain amplification functions within constitutive models for Finite Element (FE) applications.
The second approach is based on the thermodynamics framework of Continuum Damage Mechanics (Simo, 1987; Miehe and Keck, 2000) . This approach implicitly implies that damage corresponds to breaking of weak polymers chains as explained by Bueche (1960) . It introduces fairly complex large strain constitutive equations coupled with damage able to model Mullins effect. Most recent models for rubber depend on the maximum stretch history (Ogden and roxburgh, 1999; Miehe, 1995; Andrieux et al., 1997 ). Simo's model was improved by use of microscopic considerations (Godvindjee and Simo, 1991) . Johnson and Beatty (1993) and Beatty and Krishnaswamy (2000) adopted a much simpler approach based on an original two phase analysis (Mullins and Tobin, 1965 ). This uniaxial model was extended to 3D cases (Zuniga and Beatty, 2002) by introducing a damage function depending on the maximum elongation over a loading cycle. These approaches are useful when cycles are clearly defined but prove limited for complex loadings such as random fatigue.
The purpose of this study is propose a new model for Mullins effect, cyclic stress softening and hysteresis loop assuming that these three mechanisms are related to internal friction and sliding of molecular chains. First (Section 2) the foundations of the model are presented based on a description of the physical structure of elastomers to explain their deformation processes. This description is used to build the new model with a restricted number of parameters, to define the relevant thermodynamics variables and their evolution laws and to fit the associated material parameters. From this analysis one then establishes a 3D thermodynamics model with internal variables written in a rate form allowing for the representation of hysteresis loops and stress softening of elastomers (Section 3). The numerical implementation of the model is presented in Section 4 together with two possibilities to account for incompressibility. The model is fitted for one natural rubber and for a synthetic rubber both containing filler particles (Section 5). Examples of application are given in Section 6.
Mechanisms of filler/chain slip in elastomers
Elastomers are amorphous polymers made up of long flexible macromolecular chains folded up on themselves. This flexibility is due to freely rotating links permitted by the weak secondary forces between the molecules (chemical interactions between macromolecular chains). The chains can slip over one another under loading because the mechanical energy exceeds very quickly the energy of the secondary forces such as van der Waals forces. Thus, from a micromechanical point of view one can regard this material as a viscous liquid. Vulcanization creates bridges between the chains and produces a three-dimensional network. Due to these links, viscous flow is inhibited so that an elastic solid behavior prevails. Before vulcanization, the addition of particles (carbon black, silica) to rubber leads to significant improvements of the physical and the mechanical properties of the material. These additions of filler also contribute to an increase of the strain hysteresis under cyclic loading (Vidal and Donnet, 1986) : the macromolecular chains are slipping and sliding with friction over one another ( Bueche, 1960) ; the chains connected to the reinforcing filler are slipping and sliding with friction on these particles (see Fig. 3 ). The macromolecular chains connected to the surfaces of filler particles undergo a deformation state close to the macroscopic deformation state (Dannenberg, 1975) . As deformation increases, the shortest chains undergo a stress concentration and slip on the filler surfaces. Consequently, in order to model the mechanical hysteresis loops of filled rubber it is necessary to introduce thermodynamics internal variables. In the following one introduces as variable in the constitutive model an average measure of the internal slips (denoted next a in 1D or a in 3D) and its associated variable (X or X) which will represent the residual micro-stresses.
By performing relaxations during a loading-unloading tensile test the existence of a residual non-viscous hysteresis is exhibited as shown in Fig. 4 (with F the load, S 0 the initial cross-section, k the engineering strain or elongation). The test is performed as follows. A displacement U is applied first up to a given value (corresponding elongation k A ) and to the corresponding force F A (point A, later: points B, C, D, E). The displacement is then kept constant during 24 h and stress relaxation is observed (at given elongation k ¼ k A ). The displacement is then increased up to a displacement U B (corresponding to k B ) with again a relaxation stage, and so on for points C, D, E. During unloading, the same procedure is followed with relaxations performed at the same given displacements U D , U C , U B , U A than for the previous loading. At the end of each relaxation stage, the material almost is completely relaxed. A virtual response with no time dependence can then be drawn (grey area of Fig. 4) . Consequently, the response of this test exhibits a non-viscous time or rate independent hysteresis. Note that stress relaxation corresponding to unloading is much reduced compared to loading. Note also that permanent strains encountered here are small and will be neglected in further modeling. According to these observations, viscosity will also be neglected as it is not the primary cause of hysteresis and stress softening. For practical applications, the model build next will then apply to the study of the short term behavior of materials and structures submitted to slow loading. The model does not include damage to represent softening which is induced in the model by nonlinear kinematic hardening as it is commonly done in the case of metals (Lemaitre and Chaboche, 1985) . Note that actual damage (i.e. nucleation and growth of voids and microcracks) is expected to grow very slowly during the very first cycles and to gradually increase as the number of cycles increases up to rupture (Lemaitre and Desmorat, 2005) .
3. Finite strain model for internal sliding and friction (ISF model)
Thermodynamics potential and state laws
The previous study of the micro-structure of elastomer materials coupled with the physical understanding of Mullins effect enables to highlight the existence of a time independent hysteresis and then of a non-viscous internal friction. Several studies have already proposed to model hysteresis without viscosity but with the assumption of a state of small deformations: see for instance the work of Burr et al. (1997) for composite materials and of Dragon and Halm (1998) for concrete. Following these authors, the 1D expressions for the thermodynamics potential for the different models can be written in the synthetic general form:
where qw is the free energy density, q the density, e the strain, and where a and p represent the internal sliding and inelastic deformation of the material due to friction and where the coefficients a, b, c may depend on internal variables such as damage.
To model hysteresis and non-viscous internal friction in the framework of finite strains, the same separation of the free energy into three terms is kept:
an energy W 1 of a hyperelastic type, function of transformation gradient F, an energy W 2 of a hyperelastic type with inelastic deformation E p , an energy stored into the material, due to friction and function of the internal slip variable a, a second order tensor.
For simplicity, the thermodynamics potential is written in its Lagrange form (in the reference configuration) as a function of the Green-Lagrange strain tensor E (associated with the second Piola-Kirchhoff stress tensor S),
where q 0 is the density of the undeformed material, C x is a material parameter and where the state variables are the couples (S, E), ðÀS 2 ; E p Þ and ðX; aÞ. The internal variable a, represents both solid friction between the long macromolecular chains and friction between the macromolecular chains and the filler reinforcing particles leading to Mullins effect. The term 1 2 C x a : a is the stored energy density due to residual micro-stresses. Note that the model could be easily extended by introducing several internal slip variables (i.e. ða i ; X i Þ with i ¼ 1; . . . ; N) which could be interpreted as corresponding to different sliding mechanisms.
The state laws classically derive from the thermodynamics potential (Truesdell and Noll, 1965) . The constitutive equations obtained are:
so that the second Piola-Kirchhoff stress tensor is made up of two parts S 1 ¼ oW 1 =oE and S 2 ¼ oW 2 =oE. Eq. (3) define the variables associated with E p and a, the variable X being the residual microstress due to internal friction. The expressions for the potentials W 1 and W 2 are chosen according to existing hyperelastic densities such as Mooney's, Hart-Smith's or others (Rivlin, 1948; Arruda and Boyce, 1993; Lambert-Diani and Rey, 1999) 
where I 1 , I 2 are the invariants of the right Cauchy-Green tensor
where I 3 is the third invariant and represents the volume change. For the sake of simplicity the energy density W 2 is expressed as a quadratic function of the first invariant I 1 and of the trace of E p , introducing one material parameter only ðC 20 Þ,
so that This choice is consistent with the fact, at least moderate strain levels, the I 2 -terms do not have a major effect on the monotonic response of rubber-like materials (Lambert-Diani and Rey, 1999 
Evolution laws for internal friction
The evolution laws are derived here from a criterion function f analogous to the yield surface in plasticity:
The chosen sliding criterion is function of the stress S 2 and of the residual micro-stress X:
where r s is the sliding threshold of friction (irreversibility thresh-
The proposed model is non-associated as the normality rule leading to the evolutions laws is not written on the criterion function f but on the dissipation potential F defined by:
with C x (already introduced) and c are material parameters accounting for nonlinear sliding. The second term of Eq. (11) is chosen similar to the term introduced in metals plasticity to model nonlinear kinematic hardening. Considered here for elastomers, it will lead to cyclic softening and, in addition, model Mullins effect which, as far as the model is concerned, corresponds to softening for the first cycle. Using linear kinematic hardening (i.e. c ¼ 0), one gets a description of Mullins effect without further cyclic softening. A Lagrange friction multiplier _ l (which is non-negative) is then introduced as for the generalized standard materials (Halphen, 1975) . The evolution laws derive from the normality rule:
with the sets V ¼ fE p ; ag (respectively A ¼ fÀS 2 ; Xg) of thermodynamics internal (respectively associated) variables. The evolution laws are then expressed as:
From the first relation, one gets _
as a cumulative measure of the internal sliding. Moreover from the evolution law (14) for the internal slip a considered altogether with the state law (3), the evolution law for the residual micro-stress X reads (provided C x is a constant):
and is similar to Armstrong-Frederick (1966) law for the back stress in standard plasticity. The friction multiplier _ l is finally calculated by means of the consistency condition f ¼ 0 and
Note that a model describing viscosity could easily be obtained using a constitutive relation between _ l and f considered as an overstress. Such a relation may be _ l ¼ hf =ji n (Norton law) where j and n are two additional material parameters. This description will allow representing the different stress relaxation behaviors observed during loading and unloading (see Fig. 4 ).
Positivity of the intrinsic dissipation
It can be easily checked that the intrinsic dissipation D ¼ S : _ E À q 0 _ w calculated by means of Clausius-Duhem inequality always remains positive. One has
The state laws and the evolution laws allow to write the dissipation in the following form:
and to conclude that D is positive for any 3D loading, including nonproportional loading, cyclic loading and random fatigue.
Tangent operator
A rate form for the proposed model can be derived, written as 
Numerical implementation of the model

Implicit integration of constitutive equations
The constitutive equations classically consist of a set of differential equations expressed as evolution laws of the internal variables E p , a, and of the friction multiplier _ l. These equations must be integrated over a finite time step expressed as ½t 0 ; t 1 so that the time increment is Dt ¼ t 1 À t 0 . All the variables are assumed known at the beginning of the increment (i.e. at time t 0 ). The constitutive equations are assumed to be implemented in a standard displacement based Finite Element code, in which case the increment of the Green-Lagrange strain tensor, DE, is known over the time increment Dt as its rate of variation, _ E ¼ DE=Dt. The differential equations of the model are:
where _ l is obtained by use of the consistency condition _ f ¼ 0, f ¼ 0. The previous set of constitutive equations can be integrated using a time adaptative explicit integration method such as the Runge-Kutta method. However, significantly improved computation times are obtained using an implicit mid-point integration method (Simo et al., 1985) . In this case, Eq. (21) is replaced by:
where ðDE p ; Da; DlÞ represent the finite increments of the internal variables over the time increment Dt. The parameter h 2 ½0; 1 allows a fully implicit ðh ¼ 1Þ or a semi-implicit ð0 < h < 1Þ integration scheme. Details of the implementation can be found in Appendix A.
Numerical formulations to enforce incompressibility
The model, as implemented in the previous section, can be used as a user defined material behavior in a standard displacement based large strain FE code. However, elastomers are usually nearly incompressible so that special treatments are usually required to properly carry out simulations (Ogden, 1982) .
In this work two finite element approaches are used. The first one relies on a standard displacement-based formulation whereas the second one uses a mixed displacement-pressure formulation. In the first case, incompressibility is obtained enforced by introducing a large bulk modulus (Oden, 1972) . This method exhibits locking when resistance to volume deformation associated to the penalty term 1 2 Kp 0 UðI 3 Þ is much higher compared to the resistance to isochoric deformation. UðI 3 À 1Þ is chosen as a quadratic form which respects energy and strain properties defined by Doll and Schweizerhof (2000) . Using this method, strict incompressibility cannot be reached. The elementary stiffness matrix is ill-conditioned for large values of K. Selective-reduced integration method can be used to avoid pressure variations inside the elements (Hughes, 1980) .
To eliminate the locking phenomena inherent to the displacement-based formulation, a mixed displacement-pressure formulation can be used (Simo et al., 1985; Taylor, 2000) . The pressure field p is introduced as a Lagrange multiplier to enforce the incompressibility constraint ðJ ¼ ffiffiffiffi I 3 p ¼ 1Þ. With such a mixed formulation, the modified invariants method deriving from Flory (1961) and Penn (1970) works is used. Note that the total second Piola-Kirchhoff stress S ¼ oW 1 =E þ oW 2 =E with this modified invariants is not only composed of the contribution S 1 and the contribution S 2 . The total Piola-Kirchhoff stress transforms into the following expression:
The S 1 is the isochoric hyperelastic part (Holzapfel, 2001) and Eqs. (7) and (8) can then be written using Penn invariants to define S 2 . The corresponding tangent operator is given as:
with L 2 given by Eq. (20) and L iso hyper is the isochoric hyperelastic part (Holzapfel, 2001) .
The mixed formulation associated with the modified invariant method proves more stable for multiaxial problem because in such cases the strain energy only depends on isochoric deformation. This point will be illustrated on lap joint computations in Section 6.
Hysteretic uniaxial response of the model
The simulation shown in Fig. 5 shows the ability of the new model to represent both the hysteresis and the cyclic softening. Material parameters are given in Table 1 . They are chosen as realistic values for quasi-incompressible hyperelastic Mooney strain energy density for filled rubber. These parameters are used in the following parametric study. This parametric study can be used to define guidelines for parameter identification.
Parametric study and identification of the material parameters
The main features of the model can be highlighted by a parametric study of the hysteresis and of cyclic stress softening. Two groups of material parameters are identified. First, the parameters which are necessary to describe the hysteresis loop under the first loading-unloading path ðC 20 and r s Þ. The second group includes the material parameters governing cyclic stress softening until stabilization ðC x and cÞ. The material parameters will be estimated using uniaxial tensile tests only.
Role of C 20 and r s
The first loop of hysteresis is plotted in Fig. 6 in which the four stages of the model response are reported: (i) hyperelastic loading without sliding, (ii) dissipative loading with internal sliding and friction, (iii) hyperelastic unloading parametrized by its size DS 11 and its slope S U ¼ oS 11 =oE 11 at the point of initial unloading, and (iv) dissipative unloading with internal sliding and friction. S 11 (respectively E 11 ) is component of the second Piola-Kirchhoff stress tensor (respectively Green-Lagrange strain tensor) in the loading direction. No permanent strains are obtained due to the spherical form of S 2 stress tensor. The following remarks can be used as guidelines for the estimation of the first material parameters group:
Parameter C 20 strongly influences the slope S U and slightly the linear unloading length DS 11 . Fig. 7 shows the normalized slope S U as a function of the maximum Green-Lagrange strain for dif- ferent values of C 20 . The normalized value S U =C 20 only slightly depends on C 20 so that S U is almost a linear function of C 20 for a fixed value of the strain. The area of the hysteresis loop essentially depends on the length DS 11 of the unloading part without friction and of the slope S U (Fig. 6 ).
The irreversibility threshold r s influences strongly the length of the unloading without friction DS 11 and very little its slope S U .
The influence of r s on S U due to nonlinear elasticity. Fig. 8 illus- trates the variation of the DS 11 as a function of the GreenLagrange strain for different values of r s . The normalized value DS 11 =r s is almost independent on r s . It will depend on the chosen hyperelastic behavior.
Role of C x and c
Cyclic stress softening can be characterized by the amplitude of maximum stress decrease and by the number of cycles needed to reach a stabilized state. The effect of C x and c on softening is illustrated in Fig. 9 where ðS max Þ 1 (respectively ðS max Þ i ) is the maximum stress at cycle 1 (respectively i).
Stress softening intensity depends on the ratio C x =c which is the saturation value of the residual micro-stress X in tensile loading. The amplitude of stress softening increases with increasing C x =c ratio. For a given ratio, softening is increased for high values of C x and c. Note that S max increases with increasing C x =c.
The rate of stress softening for a given C x =c ratio increases with increasing C x and c. The effects of c and C x are strongly coupled.
Identification strategy
As a conclusion of this sensitivity analysis, parameters r s and C 20 will be identified on the stage of hyperelastic unloading.
Parameters C x and c will be identified on cyclic softening. In absence of stress softening (or if the stabilized cycle only is to be represented) c ¼ 0 will be used.
Stress-strain response of filled NR and filled SBR
The model was identified on a filled natural rubber (NR) and a filled styrene butadiene rubber (SBR). Experimental procedures are given in Cantournet (2002) , Lapra (1999) . Two loading paths were applied: (case (a)) two cycles with a maximum elongation k ¼ 4, (case (b)) two cycles with a maximum elongation k ¼ 3 followed by a cycle with a maximum elongation k ¼ 4. The identification of both materials was performed on loading case (a) and was validated on loading case (b). Figs. 10-12 show the response of the model for cyclic uniaxial loading for a filled SBR and a filled NR. The material parameters for the filled SBR were first identified using a Mooney hyperelastic law (see Table 3 ). As expected with this model, the sharp upturn at large strains is not represented. The parameters were then identified using a Hart-Smith hyperelastic law (see Table 4 ) which enables a much better modeling of the upturn (note that the Arruda and Boyce (1993) model could have been used for the same purpose). Both the shape and the size of the hysteresis loops are better modeled. The material parameters for the filled NR were identified using a Mooney hyperelastic law which proved sufficient in that case (parameters are given in Table 2 ). For both materials, the model response for the validation loading (case (b)) compares well with the experimental results. According to the remarks made in the previous section, the C x =c ratio for filled NR is larger than for filled SBR as cyclic stress softening is more pronounced for the filled NR.
Cyclic response of a metal/elastomer lap joint
The model was applied to simulate a cyclic shear experiment carried out for a metal/elastomer double lap-joint shown in Fig. 13 . In such a test, deformation is non-uniform. Experiments were performed at the Paulstra-Hutchinson company using the previously mentioned filled NR. Dimensions of the specimens (in Fig. 7 . Unloading stiffness ðSU ¼ oS11=oE11Þ as a function of the maximum GreenLagrange strain. mm) are given in Fig. 13 together with loading conditions. Due to symmetries, only one quarter of the specimen was simulated. A perfect adhesion between rubber and metal (steel) is assumed. The structure is meshed using 3D 20-nodes bricks using reduced integration (8 G points). The metal parts are assumed elastic (Young modulus E = 200 GPa and Poisson ratio m ¼ 0:3). The material parameters for rubber are those obtained from the uniaxial test of filled rubber in Section 5 (see Table 2 ). Simulation was carried out using a mixed displacement-pressure finite element formulation using Penn-invariants. Using a standard displacement based formulation leads to a very similar global behavior. Fig. 14 shows the comparison between the experiment and the simulation. The description of hysteresis and cyclic softening reaches then same agreement with experiments than the one obtained for the test used to fit the material parameters, but this time in case of a 3D representative structure.
The deformed meshes are given in Fig. 15 with maps of p variable. The feature of a monotonic increase of p even during unloading illustrates the fact that p can be considered as a cumulative measure of the internal sliding.
Conclusions
The large strain cyclic mechanical behavior of elastomers has been investigated in this paper. A 3D constitutive model of internal sliding and friction (ISF model) accounting for hysteresis and cyclic stress softening has been presented. Stress softening is interpreted as being caused by sliding between polymeric chains and fillers and not by damage (i.e. microcracking or particle/matrix debonding). The constitutive model decomposes the material behavior into an hyperelastic part, a rate independent sliding part incorporating internal back stresses. The model has been calibrated against experiments carried out on filled natural rubber and filled styrene butadiene rubber. The model can be further developed introducing several internal slip variables corresponding to different slip mechanisms. This extension is straightforward but requires fitting additional material parameters. Accounting for viscosity has been already proposed in the paper; however, a model able to represent the different stress relaxation behaviors observed during loading and unloading still needs to be validated.
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Appendix A. Integration method for the constitutive equations
As presented in Section 4.1, the integration relies on an implicit mid-point strategy (see Eq. (21)). Auxiliary quantities ðn; a; XÞ have to be computed at time t h ¼ t 0 þ hDt. These values, referred to as ðn h ; a h ; X h Þ, are calculated as follows: Fig. 13 . Metal/elastomer lap joint (unit: mm). 
The superscript 0 indicates the known values at t 0 . It is interesting to note that using an implicit integration scheme allows to avoid using the consistency condition which can be complex to write (Besson et al., 2001 ). The consistency condition is then replaced by expressing that the integrated solution must meet the yield condition, f h ¼ 0. This condition can be expressed at time t h but as it is preferable to meet the condition at the end of the increment. The yield condition is expressed at t 1 using the corresponding values of S 2 and X (i.e. the second form of Eq. (22) which uses S 1 2 and X 1 calculated using Eq. (A.1) with h ¼ 1). This solution is used in the following. At this point, integrating the constitutive equations is equivalent to solve the system of the nonlinear equation (22) . The system can be rewritten introducing a residual vector R ¼ ðR p ; R a ; R l Þ:
ðA:2Þ
The solution R ¼ 0 is searched with respect to the increment of the variables considered as unknowns DV ¼ ðDE p ; Da; DlÞ using an iter- Once convergence of the iterative process is reached, the stress tensor at the end of the increment can be computed as S ¼ S 1 1 þ S 1 2 using the state law (3).
